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Torque Estimation Technique for a Harmonic Drive
Robotic Arm
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Abstract—This paper presents a double-axes torque estimation
model for a harmonic drive actuator (HDA) robotic arm.
Harmonic drives are known for their high gear ratio and
relatively compact torque capacities. They have been widely
implemented in robot manipulators, where accurate
measurement or estimation of torque is necessary. However, the
hysteresis property and related disturbances must be addressed
when modeling. To model hysteresis, the wave generator and the
flexspline were analyzed individually to fully consider their
compliance. The structure of the system was carefully analyzed
and designed to reduce deformation and exert torque from
gravity. The angular displacement and torque can be measured
and estimated, which enables the force estimation of the end
effector. The model was numerically verified with constant and
sinusoidal input, and the overall system, including the developed
sensor, was verified through experiments.

Index Terms—Harmonic drive, torque estimation, robotic arm

1. INTRODUCTION

ecently, there have been more and more occasions in which
robots and people have had to work together, such as assisting
humans in the working environment and in exoskeletons for
rehabilitation therapy [1], [2]. People’s safety has drawn a lot of
attention. One way to ensure safety is to provide torque
measurements on the robotic arm. When contact occurs, the
difference between the external and the exerted torque is
calculated and generated corresponding to compliant responses
[3]. Information on intrinsic compliance with the joint is
essential. In terms of stiffness regulation, flexible joints can be
categorized into series of elastic actuators and variable stiffness
actuators. The capability of the compliance to be regulated
broadens the bandwidth limitation and facilitates adaptation to
the environment for human—robot interaction [4].

A common method is implemented through direct torque
sensing, which allows for a high sampling frequency and
calculating precision. However, cost, system complexity, and
reliability must be considered. Torque estimation methods,
including harmonic drive instead of direct torque sensing, have
been developed and serve as good alternatives. The harmonic
drive has simple mechanisms, high gear ratios, and zero
backlashes [5]. The torque sensing principle developed using
harmonic drives is based on an internal component called the
flexspline, which has relatively low torsional stiffness. Two
approaches were introduced to measure the deformation of the

flexspline, which was then mapped to the harmonic drive torque.
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The first approach utilized a strain gauge sensor. A joint torque
sensor using a strain gauge was designed and optimized to
achieve high sensitivity while maintaining high sensor stiffness
[6]. The other used two high-precision angular encoders, which
have already been integrated into many robotic and motion
control architectures [7]. A method for estimating joint torque
was introduced in which the position measurements of the
motor-side and link-side encoders were substituted into a
harmonic drive compliance model [8]. Emmei [9] proposed a
joint torque control method for in-wheel motor-type electric
vehicles with double encoders in which a load-side-encoder was
used and encoder resolution was considered. Strain gauge
sensors have better rejection of nonaxial moment crosstalk and
torque ripple but higher signal drift, which is opposite to
encoder-based sensors. In terms of resolution, strain gauge
sensors are limited by the resolution of analog to digital
conversion, while encoder sensors are determined by the
encoder resolution [10].

As for the mapping process, an accurate model is crucial to
precise modeling. Note that two noise sources must be
addressed when the torque sensor is embedded in the joint. The
first source is the extra-axial torque due to the weight of the
manipulator and loads. Bearings could solve this problem, but
they take up excessive mass. The second source is the sinusoidal
disturbance of the harmonic drive, which is called torque ripple.
The torque ripple phenomenon on the flexspline of harmonic
drives (introduced due to an elliptical-shaped wave generator)
hinders the extraction of the applied torque from the measured
torque [11]. The local torque ripple only influences the
measuring accuracy when sensing is conducted on the harmonic
drive [12]. The four methods for the torque sensors are
organized as follows: The first utilizes four strain gauges in the
form of a Wheatstone bridge to minimize torque ripple. The
second uses a Kalman filter [13]. The third involves a third
sensor that cancels out the torque ripple by tuning the gain of
each signal [14]. The last considers the joint speed and
compensated torque ripple with an order-tracking technique
[15]. In addition, friction at the joints and hysteresis behavior
due to compliance and vibration must be considered.

Dhaouadi [16] proposed a new dynamic model by
considering nonlinear stiffness and damping components and
derived a nonlinear differential equation in which the
parameters were obtained using optimization. Ruderman [17]
proposed an extended model that builds upon the torsion-torque
hysteresis map and nonlinear friction. With the concept of the
virtual torsion sensor, the motor torques and velocity estimate
and predict nonlinear joint torsion [17]. Zhang [18] proposed a
method to model both the compliance and hysteresis properties
by modeling the flexspline and the wave generator while
considering the compliance of the wave generator to track
hysteresis loss. As for noise and disturbance suppression in
positioning, Iwasaki [S] proposed a compensator design to
model the frequency characteristics of the vibration under the
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assumption of a full-closed feedback positioning system. A
disturbance observer is applied to make the dynamic
characteristic from control input to deformation robust toward
external noise [19]. Even though the disturbance observer
provides decent robustness to the system, its performance
impairs the noise problem. An integrated system consisting of a
disturbance observer and a Kalman filter was proposed in [20],
where the Kalman filter was used to reduce noise from
measurement and estimation. This paper presents a modeling
method for a two-axis Harmonic Drive Actuator (HDA) robotic
arm and utilizes the rotary optical encoder to estimate the torque
and angular displacement of the joints simultaneously. The
remainder of this paper offers the following:

- The dynamics of the two-axis HDA robotic arm, which
considers the compliance of the HDA, is modeled. A torque
estimation technique and a joint-feedback control method based
on the model are introduced, and the mechatronic system design
of the two-axis HDA robotic arm is presented.

- The dynamics of the two-axis HDA robotic arm are
numerically simulated. The torque estimation technique is
numerically validated and implemented on the prototypes of a
single-axis and two-axis HDA robotic arm.

II. TORQUE ESTIMATION TECHNIQUE FOR A HARMONIC DRIVE
ROBOTIC ARM

Fig. 1 illustrates the design concept of a two-axis
flexible-joint robotic arm with HDA. As shown in Fig. 1(a), the
robot arm joint used a direct current (DC) brushless motor with
an HDA and was equipped with a developed
torque-displacement sensor, which can be used to calculate the
torque on the arm and the change in the angular position of the
joint. In many applications, the force—or the reaction force—is

applied to the robot end effector. Fig. 1(b) is the loading of HDA.

F and F, are the x and y components of the force exerted on the
end effector, respectively. F' is the magnitude of the force. Fig.
1(c) is a schematic of the dynamics of the two-axis HDA robotic
arm. The HDA is a flexible mechanism that includes a wave
generator, a flexible wheel, and a gear ratio; the two brushless
DC motors and the mechanical arm are rigid bodies. The
two-axis HDA robotics arm model was composed of
momentum of inertia, a spring, and a damper.

The torque of the motor side, the torque of the wave
generator, the flexspline, the starting torque, and the external
torque are T2 ,Twi 2 ,Tn 2 ,Ts12 and a1 2 respectively. The angular
displacement of the motor, the input side of the wave generator,
the output side of the wave generator, the output side of the
flexspline, and the arm are @12, Gwi2i, Owi2o, G020, and 62,
respectively. The wave generator torsion is Aby 2. The viscous
friction 7. N is the gear ratio. K, is the stiffness of the

flexspline.

Arm and motor
fixing base 1

First robotic arm

Second robotic arm

Fig. 1. Illustration of torque estimation technique for the two-axis HDA
robotics arm. (a) Two-axis HDA robotic arm. (b) Loading of HDA. (c)
Schematic illustration of the dynamics of the system.

A. Model of the two-axis HDA robotic arm

The dynamic model of the two-axis HDA robotic arm is
described in (1)—(5). Ji» and J, are the motor’s inertia and the link
sides’ inertia, respectively. Since the motors used in the two axes
were of the exact specification as the manipulator, the
representation is the same. Thus, the wave generator output angle
combines the motor angle and the wave generator torsion. The
wave generator torsion is the difference between the output and
input of the wave generator in (2). The relation between the wave
generator torque and torsion is presented in (A.1). The torque of
the flexspline was transmitted to the arm, and the external torque
was also considered. The dynamic model of the DC motor is
presented in (1). The viscous friction r,,, which can be obtained
by (B.2) from the manufacturer. The flexspline torque is
formulated in (3).

“m12 = ImOl,20 *'mOwi 20 T Tw12 T 7 fs1,2 (1
A0»1/1,2 =€wl,20 - 9»1/1,21' (2)
0
wl,20
7112 = Kp@p1 20+ T) ©)

The dynamic models of the first and second arms are presented in
(4) and (5), respectively. N is the gear ratio. K, is the stiffness
of the flexspline.

Iy 51 = Jalgflo =T+ 4)
Jgby =t +eg i+t (5)

Fig. 2 shows the block diagram of this two-axis HDA robotic
arm system.
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Fig. 2. Block diagram of the two-axis HDA robotic arm system.

B. Torque Estimation Method for the Two-joint HDA Arm

The torque estimation method is based on the angular
displacement measurement. The torsion angles of the wave
generator are described by (2). The flexspline torsion of the first
and second joint 464, k € 1,2 are determined by

Aeﬂc Zafok - Hﬁk . (6)

However, Ouor, O, (k €1,2)are included in the structure of
the harmonic drive, and both of the angular displacements cannot
be measured directly. In Fig. 1(c), the relation of the 6,0 and Gy,
k €1.2 can be determined by using the effect of the gear ratio as

Hwok = _Neﬁk . (7)
The total torsion 46, k €1.2 is the difference between the input
angular displacement of the wave generator and the output
angular displacement of the flexspline, which can be described
by

Hwi

AG, = e/bk + Nk (®)
By substituting (2), (6), and (7) into (8), the torsion of the
harmonic drive40y, k €1.2 is expressed as

A6
AG, = A6, _T ©)

The total torsion changes periodically, without any external

torque, while the motor rotates. Thus, the kinematic torsion 46,

needs to be considered. The kinematic torsion is approximated

by a five-order polynomial of & as
5

AG = Zakgk

k=0

(10)

The torsion angle only influenced by the external torque is to
subtract the kinematic torsion from the torsion angle of the k”
harmonic drive (k €1,2), which can be determined by
A6, =AG,, + A6, (11)
With (9) and (11), the flexspline torsion of k” joint (k€1.2)
can be obtained by
A6
A‘g/k :Aek _Aezk +— (12)
' N

Finally, the estimated torque can be obtained by substituting (12)
into (B.2) as

AB,
tan((A6, —AG, + N”" ), K )
T =

est

(13)

Cr

The two-axis HDA robotic arm had two rotary optical

‘encoders to estimate the two-axis torque and to inversely

calculate the external force of the link sides on the plane. An
unknown external force was applied to the end of the arm, and
the respective angular displacements of the two axes were
obtained through the rotary optical encoder. The magnitude of
external torque and the angle between the external torque and
the second axis can be inverse computation. The length of a
single arm is /,. Fx and F), in (14a, b) represent the x and y
components of the force exerted on the end -effector,
respectively. F' is the magnitude of the force in (14c).

7y, _ tan((A8),¢,K o)

F =
= o, (14a)
tan(A@ ,c K ., )(1+ ¢, cos0,)—tan((Ab,c K ;)
F;: SR 50 2 127 f0 (14b)
e l,
F=F*+F} (14c)

As shown in Fig. 1(c), by substituting the angular displacement
40y 1n (6) into (14a-c), the angle between the external force and
the second axis (6y) can be obtained by

tan(A Hf.zc/.Kfo) siné,
tan(A8,,c K )1+ 1, cos8,) —tan((Ab,,c K ;o)

0, = arctan(

) (15)

C. Joint Torque Feedback Control

Fig. 3 illustrates the position control of the HDA system
implemented with joint torque feedback to improve performance.
The command position of the motor §; was controlled by the
proportional-derivative (PD) controller in (16), where K, is the
position feedback coefficient and Kp is the velocity feedback
coefficient. Both coefficients influenced the accuracy and
stability of the HDA robotic arm system.

Fig. 3. Block diagram of the position control of the HDA system with joint
torque feedback.

z-m = KP (9

com

_em)+KD(9 _ém)

) om (16)
The feedback torque is expressed in (17), where K; is the joint
torque feedback coefficient. The joint torque feedback
coefficient was adjusted to change the performance of the HDA
system. If the joint torque feedback coefficient was larger, the
performance was more sensitive to external torque. Thus, the
HDA system can reject the external torque or follow the external

torque to achieve different tasks.
t,=K,(r,+71,)

a7

D. Mechanical Design
The two-axis HDA robotic arm was modularized. The
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mechanism could be disassembled into three parts, as shown in
Fig. 4: the base fixed to the optical table, the first set, and the
second set of arms on the fixed base. The arm was driven by a
motor and a HDA, and the torsion angle was measured using a
rotary optical encoder. A set of arms was connected to the other
set of arms by crossed roller bearings.

Arm
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kel onnecter

A

e shaf
Ciptieal encoder

L me

Hotury disc
Fixed
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Fig. 4. Mechanical demgn. (a) Two-joint HDA robotic arm. (b) A set of arms
with T/D sensor.

III. NUMERICAL VALIDATION

The proposed torque estimation method for double-axis
joints was verified with numerical simulations with the
following two focuses. Time-domain and frequency response
analyses of the two-axis HDA robotic arm were conducted, and
the torque estimation technique was numerically validated.

A. Time Domain and Frequency Response Analysis of the
Dynamic Model

The verification process was conducted using MATLAB and
Simulink in MATLAB. MATLAB Simscape Multibody was
used to simulate the motion of the mechanism. The dynamic
model to be verified was built to model the position output of
both joints of the HDA robotic arm, which was designed in
Solidworks and imported into MATLAB Simscape. The
parameters of the HDA robotic arm are listed in Table 1. The
step and sinusoidal input currents were applied to the model.
The simulated results of the output positions of the model are
shown in Fig. 5. As shown in Fig. 5(a), The unit step input
current will cause a continuous angular displacement that
increases the positions of joints.In Fig. 5(b), the sinusoid input
current increases the positions of joints with fluctuation.

TABLE
PARAMETERS OF THE DOUBLE JOINT HDA ROBOTIC ARM

I 1.21 x 10+ kgm? Tfs 0.037 Nm
Jo 0.079 x 10+ kgm? N 100

1 0.876 kgm? Cw 27.027 (Nm)?!
Koo 2.5517 Nm/rad K 10000 Nm/rad
Ko 9743.939 Nm/rad ct 0.0831 (Nm)?!
la 0.15m

o —— First joint
irst joint Second joint

-~ -Second joint

time(s) timie(s)

Fig. 5. Responses of position output of both joints. (a) Step input. (b) Sine input.

B.  Numerical verification of the torque estimation

Fig. 6 shows the simulation results of the link-side torque
estimation for the first and second robotic arms. The parameters
of the HDA robotic arm are listed in Table I. The real step input
and estimated torque for the robotic arms are shown in Fig.
6(a)—(d). The close agreement between the estimated and
measured torque validates the torque estimation method.
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Fig. 6. Torque estimation with different inputs. (a) Estimated torque for the first
robotic arm with step input and (b) sine input. (c) Estimated torque for the
second robotic arm with step input and (d) sine input.

C. JOINT TORQUE FEEDBACK CONTROL

The two simulations indicated the difference between with
and without the joint torque feedback (JTF) of a single joint
HDA. The first simulation was torque control, with K;= 1. The
second was position control with a PD controller with K;= 0.1,

=0.003, Kp=0.01.
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Fig. 7. The response of JTF in torque control mode. (a) Step external torque in
the first simulation. (b) Comparison of the link-side position with and without
JTF in the first simulation. (c) Step external torque in the second simulation. (d)
Comparison of the link-side position with and without JTF in the second
simulation.
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To improve the torque compliance of the HDA system, the
JTF coefficient was selected as -1. A step current was used as
the input signal, and an external torque was applied between 10
and 15 seconds. The external torque and estimated torque are
shown in Fig. 7(a). The link-side angular displacements with
and without JTF are shown in Fig. 7(b). Without JTF, the motor
followed the command input. Thus, the motor rotated in the
same direction while external torque was applied. With JTF, the
motor followed the direction in which the external torque is
applied. The second simulation was based on position control.
In the second simulation, the external torque applied as the same
external torque in the first simulation is shown in Fig. 7(c). The
result is shown in Fig. 7(d); the red dashed line is the
displacement without JTF, and the blue line is the displacement
with JTF. The results show that the influence of external torque
can be compensated for with JTF. The link-side displacement
with JTF was much smaller than the displacement without JTF
due to external torque.

IV. EXPERIMENTAL RESULTS

Two experimental setups were conducted to validate the
prototypes of the HDA robotic arms. The first was a single
HDA joint to estimate static torque and constant torque input.
The second was a two-axis robotic arm that moved in a
horizontal plane to estimate static torque and constant torque
input.

A. Verification of the static torque estimation of a single HDA
joint

Three experiments were conducted to validate the torque
estimation accuracy for different situations. In the first
experiment, external torque was applied to the arm while the DC
motor was regulated in the same position. In the second
experiment, external torque was applied while the DC motor
rotated. The third experiment involved the application of joint
torque feedback control. The experimental setup is shown in Fig.
8(a). External torque was applied to the link, which is the arm
illustrated in the figure. The developed sensor was used to detect
the angular displacement of the HDA for real-time torque
estimation. It consisted of an optical encoder and an optical disc,
as shown in Fig. 8(b). The six-axis force sensor measured the
actual torque of the experiment and was responsible for
validating the estimated torque. The National Instrument cRIO
9066 in Fig. 8(c) was used as the interface for input signal
generation and data acquisition.

Opticil Encoder
Oiptical Di.%c

cRIC 9066
(i) (c)

Fig. 8. Experimental setup. (a) HDA robotic arm. (b) Optical sensor for
estimating angular displacement and torque. (c) Controller.

Torque estimation for constant angular displacement and
torque

Fig. 9(a), (b) shows the experimental results of step external
torque and periodic external torque. The estimated torques were
calculated using (13). The torque was measured using a six-axis
force-torque sensor. The differences between the estimations
and measurements were due to the backlash between the flange
shaft and the output load.
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Fig. 9. Experimental results for constant angular displacement. (a) Periodic
torque input. (b) Step torque input.

Another situation is the torque applied by the DC motor. A
constant torque was applied to the DC motor to rotate a
revolution. The torque was estimated while the motor rotated.
First, kinematic torsion had to be eliminated to estimate torque.
A 5™ order polynomial in (10) approximates the kinematic
torsion on the experimental data by the curve fitting method.
The coefficients of kinematic torsion are listed in Table II. Fig.
10 demonstrates the kinematic torsion and the fitting curve. The
kinematic torsion of the different input torques and directions is
shown in Fig. 10(a). The results indicate that kinematic torsion
is unique and associated only with angular displacement.

TABLEII
COEFFICIENTS OF THE KINEMATIC TORSION CURVE
B | 65719 x105 | & 0.0018 O 0.0032
a -0.0017 a 2.6840 x 10+ | as -1.2686 x 105

y | —— Curve fitting
| Mg, - COW 0.0414

CW 00414
< COW 00414
ol €W 0.0552
COCW 00552

Kinematic tersion (Deg)

Kinematic torsion (Deg)
: h&!’ . -
i W

] ([E1) 200 0 0 106k 200 300

Angular displacement {Deg) Angular displacement {Deg)
{a) 1]

Fig. 10. The kinematic torsion for different inputs. (a) Estimation and
measurement. (b) Curve fitting. (CW: clockwise; CCW: counterclockwise)

Fig. 11 shows the experimental results of the step external
torque and periodic external torque. The measured and
estimated torques are compared in Fig. 11(a) and 11(c), whose
mean and maximum absolute differences were (1.27, 5.89) Nm
and (1.33, 4.5), respectively. The leading cause of the
difference may be the optical encoder, which is affected by the
structure’s vibration or some data acquisition issues. Fig. 11(b)
and 11(d) show the corresponding angular displacement. The
deviation from the supposed inclined line is because external
torque was applied, which can be observed in the
corresponding figure of the estimated torque.
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Fig. 11. Experimental results for constant torque. (a) (b) Step external torque; (c)
(d) Periodic extremal torque (a, c: torque estimation; b, d: angular displacement).

Joint torque feedback control

In the first experiment, the DC motor generated constant
torque, and the arm applied external torque as a disturbance.
The link-side estimated torque and link-side position without
JTF are shown in Fig. 12(a). The link-side estimated torque and
link-side position with JTF are shown in Fig. 12(b). However,
with the JTF, the motor rotated to follow the direction in which
the external torque was applied. The results show that the JTF
can give the HDA arm the ability to follow the external torque
instead of resisting it.

In the second experiment, the command angular displacement
was 90° and an external torque was applied to the arm. Fig. 12(c)
shows the torque applied to the arm manually. Fig. 12(d) shows
the results of the second experiment with and without the JTF.
The results show that the angular displacement without JTF was
larger than with JTF. In other words, rejecting external torque
was higher in the HDA arm with JTF than without JTF.
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{c) (d)
Fig. 12. Experimental setup and results of JFT control in two simulations. (a, b)
First experiment (a: without JTF, b: with JTF). (¢, d) Second experiment (c:
estimated torque, d: angular displacement).

B. Verification of static torque estimation of two-axis joints.

The experiment setup of the two-axis HDA robotic arm, as
shown in Fig. 13, consisted of a motor, HDA, optical scale,
crossed roller bearing, and other mechanical components. The
motor was a MAXON EC 60 flat, which can read the angular
displacement of the motor side, and was controlled by the
controller EPOS4 Compact 50/15 CAN with LabView program
code; the harmonic drive was CSG-17-100-2UH-LW. Fig. 4(b)
shows the exploded view of a set of the arm with T/D sensor.
The optical scale is an indispensable element for torque
estimation of the robot arm. The optical scale was an
ARCDM-9405-405S0RCDM 50 mm turntable with an
ATOMA4T1300 read head, which had high precision, a stable
signal, and high resistance to good pollution ability. The read
value was also read back to LabView for processing. One set of
arms can add a degree of freedom to the system, and more
complex goals can be achieved by adding multiple sets of arms.
The planar motion structure allows free movement of both
joints and gravitational force to be neglected in the model. Each
joint comprises a motor, an HDA, and a developed sensor; the
details are elaborated in Section IV.A.

Join2
Jointl

Developed sensor

Fig. 13. Two-axis HDA robotic arm experiment setup.

Two scenarios were considered in the experiments. In the
first scenario, the motors were not subjected to any input but
external torque exerted on the arm. A random magnitude
external torque was applied in the experiment. Fig. 14(a) shows
the angular displacement and the estimated torque with random
inputs without input currents to the motor. Torque and angular
displacement had a positive relation. The noise peak had a
property such that positive displacement would only have
positive peaks, and vice versa, and those peaks mainly
happened at places where the curve was relatively flat. The may
be attributed to the sensor’s resolution of the optical encoder.
As the displacement curve went flat, the angle difference may
have been too small for the high-resolution encoders to
interpolate. The same phenomenon also occurred in the torque
estimated from angular displacement. Due to the design of the
double-joint mechanism, there is no spare space to install a
6-DOF sensor for further verification.

In the second scenario, the motor of Joint 1 was free from any
input, while Joint 2 was applied with a constant torque of
approximately 2.66 x10Nm. The external torque was exerted by
humans on the end-effector of the link. Kinematic torsion also
affected the acquired data. To tackle kinematic torsion, some
support was manually applied to the system, and the exerted
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torque was applied conditionally so that no rapid angular
displacement occurred at Joint 2. Fig. 14(b) shows the angular
displacement and estimated overall torques with the input torque
of 2.66 x102Nm when the external torque is applied at 20~40,
40~60, 80~100 seconds by hand. A positive relation between
torque and angular displacement can be observed.

:‘.I: : :ﬁ f

i} 20 40 i A0 104 i} il il 80 100

Tanels} Time(s)
1) b}

Fig. 14. Angular displacement and estimated torque with random external
torques. (a) Without input currents to the motor. (b) With input currents to the
motor.

V.CONCLUSION

A torque estimation technique for a double-joint robotic arm
considering modeling the hysteresis characteristic of the HDA
has been presented. The hysteresis characteristic was modeled

by taking the compliance property of the flexspline into account.

A sensor using a rotary optical encoder to estimate torque and
angular displacement was developed simultaneously. Step
input and sinusoidal input were applied to both single-axis and
two-axis robotic arm systems. The estimated torque was
numerically verified by simulation.

Experiments were conducted under conditions that
resembled the simulation. The actual harmonic drive and wave
generator were investigated to verify the compliance model.
The single-axis torque estimation results agreed with the
measured torque. An application of the torque estimation
technique to joint feedback control was illustrated. The torques
of the two axes were estimated for the two-axis robotic arm. In
the future, a six-axis force sensor will be equipped on the two
joints to verify the torques. Joint torque feedback will be
applied on the two-axis HDA robotic arm.

APPENDIX A
MOTOR VISCOUS FRICTION
The viscous friction of the motor 75, is given in A.1, where
k,.1,, and n,denote torque constant, no load current, and no
load speed, respectively [21].

30k, I,
r,=—=o2 (A1)

Ny 7T

APPENDIX B
HARMONIC DRIVE COMPLIANCE MODEL

In the wave generator compliance model [18], the wave
generator’s torsional angle is given in (B.1), where y is the

hysteresis loss.
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sgn(z,,) el
AG, = (1= .
! CWKWO ( ) (B 1)
2T,
where ¢, = L, K, =—2
NK,op Ny

The torque estimation method described by [18] is given in
B.2, where C, and K, can be determined from the

parameters provided by the DC motor manufacturer.

tan(A0,C K )
- et

est0
C/

(B.2)
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